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TORSION AND DIVISIBILITY FOR RECIPROCITY SHEAVES AND 0-CYCLES WITH 

MODULUS 

FEDERICO BINDA, JIN CAO, WATARU KAI AND RIN SUGIYAMA 


Abstract. The notion of modulus is a striking feature of Rosenlicht-Serre’s theory of generalized Jacobian varieties 
of curves. It was carried over to algebraic cycles on general varieties by Bloch-Esnault, Park, Riilling, Krishna-Levine. 
Recently, Kerz-Saito introduced a notion of Chow group of 0-cycles with modulus in connection with geometric class 
field theory with wild ramification for varieties over finite fields. We study the non-homotopy invariant part of the 
Chow group of 0-cycles with modulus and show their torsion and divisibility properties. 

Modulus is being brought to sheaf theory by Kahn-Saito-Yamazaki in their attempt to construct a generalization 
of Voevodsky-Suslin-Friedlander’s theory of homotopy invariant presheaves with transfers. We prove parallel results 
about torsion and divisibility properties for them. 


1. Introduction 


Let k be a field and let X be a proper fc-variety equipped with an effective Cartier divisor D. For such a pair 
(. X , D), Kerz and Saito recently defined in [5] a notion of Chow group CHo(X|D) of 0-cycles on X with modulus D 
as a quotient of the group Z 0 (X) of 0-cycles on the open complement X := X\ \D\. When X is a smooth projective 
curve, the group CH 0 (X|D) is isomorphic to the relative Picard group Pic(A, D) of isomorphism classes of pairs 
given by a line bundle on X together a trivialization along D. Its degree-O-part agrees with the group of fc-rational 
points of the generalized Jacobian Jac(A|D) of Rosenlicht and Serre (see, for instance, [13, Chapter II]). If D is 
non-reduced, then Jac(X|D) is a commutative algebraic group of general type, i.e. an extension of a semi-abelian 
variety by a unipotent group, which depends on the multiplicity of D. The existence of such non-homotopy invariant 
part suggests that the group CHo(A|D) may give new geometric and arithmetic information about the pair (X,D) 
that cannot be captured by the classical (homotopy invariant) motivic cohomology groups. 

Intimately connected with the world of cycles subject to some modulus conditions is the recent work of Kahn, 
Saito and Yamazaki [4], which gives a categorical attempt at the quest for a non-homotopy-invariant motivic 
theory. This encompasses unipotent phenomena and is modeled on the generalized Jacobians of Rosenlicht and 
Serre. Kahn-Saito-Yamazaki developed the notion of “reciprocity” for (pre)sheaves with transfers, which is weaker 
than homotopy invariance, with the purpose of eventually constructing a new motivic triangulated category, larger 
than Voevodsky’s DM cff (fc,Z) and containing unipotent information. 

The goal of this paper is to exhibit some differences between the classical homotopy invariant objects and the 
new non-homotopy invariant ones, such as 0-cycles with modulus and reciprocity sheaves. 

For 0-cycles, we shall see in §2.2 that there is a canonical surjection from the Chow group with modulus to the 
0-th Suslin homology group (as defined e.g. in [10, Definition 7.1]) 

^x,d- CH 0 (X|D) » HQ ing (X). 


Since Hq I 11S (A) is the maximal homotopy invariant quotient of the group Zq(X) of 0-cycles on X, the kernel 
U(X|Z?) of 7 T“y" d measures the failure of CHo(A'|D) to be homotopy invariant (nonetheless, its degree-O-part enjoys 
PMnvariance as pointed out in Remark 2.4). The first result of this paper is the following divisibility property of 
U(A| D): 


Theorem 1.1 (see Theorem 2.7). (1) //char(fc) = 0, then the group U(A'|D) is divisible. 

(2) //char(fc) = p > 0, then U(A'|D) is a p-primary torsion group. 

Our second result is complementary to Theorem 1.1, and concerns the torsion part of CHo(A|D). 


Theorem 1.2 (see Corollary 2.26). Let k be an algebraically closed field of exponential characteristic p > 1. Let 
X be a projective variety over k, regular in codimension one. Let D be an effective Cartier divisor on X such that 
the open complement X = X \ \D\ is smooth over k. Let a E CHo(A'|D) be a prime-to-p-torsion cycle. Then there 
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exist a smooth projective curve C and a morphism p\ C -A X for which p*D is a well defined Cartier divisor on 
C, and a prime-to-p-torsion cycle /3 £ CHo(Cj(</J*-D) re d) such that p*(/3) = a. 

In other words, the prime-to-p-torsion part of CHo(A|£)) is nearly independent of the multiplicities of D. How¬ 
ever, the theorem does not provide, a priori, an identification between the prime-to-p-torsion parts of CHo(A|D) 
and of H® ing (A). 

Our third result is about reciprocity sheaves: 

Theorem 1.3 (see Theorem 3.5). Let F £ REC/. be a reciprocity presheaf with transfers, separated for the Zariski 
topology. Then F is homotopy invariant (i.e. the map of presheaves F —>- F(— x A 1 ) is an isomorphism) either 
when char(fc) = 0 and F is torsion, or when cliar(fc) = p > 0 and F is p-torsion free. 

In order to measure the lack of homotopy invariance of a reciprocity sheaf F , we define, similarly to what we did 
for 0-cycles, U (F) to be the kernel of the canonical surjection 

F -> H 0 (A), 

where H 0 (-F) is the maximal homotopy invariant quotient of F (see Section 3.3). Corollary 1.4 gives an analogue 
of Theorem 1.1 for the reciprocity sheaf U(F): 

Corollary 1.4 (see Corollary 3.10). (1) If char(fc) =0, then\J(F) is divisible. 

(2) //char(fc) = p > 0, then U(J 7 ’) is a p-primary torsion sheaf. 

We remark that by combining Corollary 1.4 and some results of [4], one can give an alternative proof of Theorem 
1.1 when X is smooth and quasi-affine. 

This paper is organized as follows. Section 2 is devoted to studying the Chow groups of 0-cycles with modulus. 
In §2.2, we investigate the relation between CHo(A'|.D) for a pair ( X,D ) and the 0-th Suslin homology of the 
complement X \ \D\. In §2.3, we prove Theorem 1.1, using some technical results, Lemma 2.8 and Lemma 2.9. In 
§§2.4-2.5, we prove Theorem 1.2. Its proof is purely geometric and follows the approach of Levine [8] to Rojtman’s 
torsion theorem for singular projective varieties. One of the main tools, inspired by the work [9] of Levine and 
Weibel on 0-cycles on singular varieties, is a rigidity result for the torsion subgroup of CH 0 (A|D) (see Theorem 
2.13). 

Section 3 is devoted to studying torsion and divisibility phenomena for reciprocity (pre)sheaves with transfers. 
In § 3.2, we prove Theorem 1.3, using again Lemma 2.8 and Lemma 2.9. In § 3.3, we study the sheaf U (F) and the 
homology sheaves Hi{F) of the Suslin complex of a reciprocity sheaf F. As consequences of Theorem 1.3 we get 
Corollary 1.4 and some further result on Hi(E) (see Corollary 3.11). 
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Theory at the University of Duisburg-Essen (SS 2014). The authors wish to thank Marc Levine heartily for providing 
an excellent working environment and for the support via the Alexander von Humboldt foundation and the SFB 
Transregio 45 “Periods, moduli spaces and arithmetic of algebraic varieties”. The first author is supported by the 
DFG Schwerpunkt Programme 1786 ’’Homotopy theory and Algebraic Geometry”. The third author is supported 
by JSPS as a Research Fellow and through JSPS KAKENHI Grant (15J02264), and was supported by the Program 
for Leading Graduate Schools, MEXT, Japan during the work. The fourth author is supported by JSPS KAKENHI 
Grant (16K17579). We sincerely appreciate the referee’s careful and valuable comments to an earlier draft of this 
paper, which helped us to significantly clarify and improve the exposition. 

2. Chow group of 0-cycles with modulus 

2.1. Definition of 0-cycles with modulus. We recall the definition of CHo(A'|D) from Kerz and Saito [5]. 

2.1.1. We fix a base field k. For an integral scheme C over k and for a closed subscheme E of C, we set 

G(C,E) = p) Ker(0* x 0* J = lim_r([/,Ker(0* —>• 0*)), 

xeE ’ EoUcC 

where x runs over all the points of E and U runs over the set of open subsets containing E. The intersection 
takes place in the rational function field k(C). We say that a rational function f £ G(C,E ) satisfies the modulus 
condition with respect to E. 
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2.1.2. Let X be a scheme of finite type over k and let D be an effective Cartier divisor on A'. Write X for the 
complement X \ \D\ and Zq(X) for the group of 0-cycles on X. Let C be an integral normal curve over k and let 
< Pq : C —>• X be a finite morphism such that Pq(C) <£_ D. Write C = (X). The push-forward of cycles gives a 

group homomorphism G(C, ipX(D)) —» Z 0 (X) that sends a function / to the 0-cycle {<{>q\c)* div^(/). 

Definition 2.1. In the notations of 2.1.2, we define the Chow group CH 0 (A|D) of 0-cycles of X with modulus D 
as the cokernel of the homomorphism 

r: 0 G(C,^(D)) ®^Z 0 (X), 

tPc'. CXx 

where the sum runs over the set of finite morphisms from an integral normal curve (p^: C —> X such that p^j(C) (jL D. 

Remark 2.2. A generalization to higher dimensional cycles and to higher Chow groups (in the sense of Bloch) 
CH r (A|D,n) is given in [2], where the above groups CHo(A'|D) are shown to agree with the corresponding higher 
Chow groups with modulus CH o (A’|D,0) (see [2, Theorem 3.3]). A different definition of Chow group of 0-cycles 
with modulus is proposed by Russell in [12]. 

Proposition 2.3. Let (X,D) and ( Y,E ) be pairs of proper schemes of finite type over k and effective Cartier 
divisors on them. Assume that Y is connected and Y = Y\ \E\ has a k-rational point. If the degree map induces 
an isomorphism CHo(Tfc' \E k ') —> Z for any finite field extension k'/k, then the proper push-forward map induced 
by the projection p \: X x Y —> X is an isomorphism 

pi,*: CH 0 (A x Y\X x E + D xY) ^ CH 0 (A|D). 

Proof. Let yo be a /c-rational point of Y and let l: X x {yo} ■-> I x F be the canonical closed embedding. Since 
we have that /q* ° i* = id on CHo(A'|D), it suffices to show that t* : CHo(A|£>) CHo(A x Y\X x E + D x Y) 
is surjective. 

Let z be a closed point onXxf (here we write X = X \ |D|, Y = Y \ |i£|) and let k{z) be its residue field. 
We claim that the class of z in CHo(A' x Y\X x E + D x Y) comes from CHo(A x {yo}\D x {j/o})- Note that 
the 0-cycle z comes from a canonical 0-cycle on (A x Y) k / Z y By the commutative diagram of push-forward maps 
below, it suffices to show that this 0-cyclc comes from CH 0 ((A x {yo})k(z)\(D x {yo})/c( 2 )), 

CH 0 ((A x {y 0 }) k{z) \(D x {y 0 }) k{z) ) -^ CH 0 ((X x Y) k(z) \(X x E + D xY) k{z] ) 


CH 0 (A x {y 0 }\D x {y 0 }) - CH 0 (A x Y\X xE + Dx Y). 

Thus by replacing k by k(z), we may assume 2 is a rational point xx y, where x £ X ( k) and y £ Y ( k ) (note that the 
assumptions on Y remain valid after this replacement). Since we have CHo(T|£ ; ) — Z via the degree map, there are 
finitely many integral normal curves Wi with finite maps ipii Wi —» Y and rational functions fi in G(Wi,ipf {E)) 
such that the equality of cycles 

^2 Pi,* di v w ,{fi) = [y] - [y 0 ] 

i 

holds on Y . Let T, = {a;} x W, (~ W,;) and let ipi = (x, ipf) : Tj — > X x Y be the induced finite map. Then we find 
that fj belongs to G(Ti, t/j~ 1 (X x E + D x Y)) and the following equality holds on XxY 

div ? .(/j) = [xxy]-[xx y 0 ]- 

i 

Thus the class of 2 is in the image of i*. This completes the proof. □ 

Remark 2.4. A relevant example for Proposition 2.3 is the isomorphism 
(2.1) CH 0 (A x P^D x P 1 ) ~ CH 0 (A|D), 

that can be interpreted as a PMnvariance property for Chow groups of 0-cycles with modulus. For X smooth and 
quasi-projective, the isomorphism (2.1) is also a consequence of [7, Theorem 4.6]. 
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Remark 2.5. Proposition 2.3 can be interpreted in the language of reciprocity sheaves (see Section 3.1) as follows: 
Let (X,D) and ( Y,E ) be pairs of proper integral fc-schemes and effective Cartier divisors such that X \ \D\ and 
Y\\E\ are smooth and quasi-affine. For such pairs, we have reciprocity presheaves h(X, D) and h(Y, E) (see Remark 
3.4) which, for any field extension k'/k, satisfy h(X,D)(k') = CH 0 (Afc/, D^) and h(Y, E)(k') = CH 0 (Ffe', Ek>) (see 
3.4 as well as [4, Proposition 2.2.2]). Now assume that Y := Y\ |2?| has a fc-rational point and that h(Y, E) z ar — Z. 
In particular, for any field extension k'/k we have CHo(lA' [E^) — Z. An example of such pair is given by (P , oo). 
Then there is an isomorphism 

(2.2) h(XxY,DxY + Xx E) Zai ^ h(X, D) Zai . 

Indeed, by Proposition 2.3 we have isomorphisms h(X X Y , D x Y + X x E)(k') h(X,D)(k') for any field 

extension k'/k. Then, the Injectivity Theorem [4, Theorem 6] for reciprocity sheaves applied to the kernel and 
cokernel of the map (2.2) gives our assertion. 

Note that the condition h(Y,E) z ar — Z implies that h(Y,E') z ar — ho(Y) Za r — Z for every divisor E' contained 
in E as a subscheme. The reader should compare the isomorphism with the isomorphism of homotopy invariant 
sheaves 

h(X X Y)zar * h(X) Zar. 

The displayed isomorphism (2.2) will give some examples to the question raised in [4, Remark 3.5.1], e.g., if 
dim A' = 1, we get an isomorphism 

ho (A xF,(DxF+Ix £)red)zar ~ h 0 (A X F) Z ar. 

2.2. Relation to Suslin homology. Let S be an irreducible scheme of finite type over k and A be a scheme of 
finite type over S. We denote by Cq{X/S) the group of finite correspondences of A over S [15, §3], i.e. the free 
abelian group generated by closed integral subschemes of X that are finite and surjective over S. Recall from [15, 
§3] (or [10, Definition 7.1]) that one defines the 0-th Suslin homology group HQ lng (A) of X to be the cokernel of 

C 0 (X x (P 1 \ (1})/(P 1 \ {1})) d = {a °- d - ) > Cq{X/ Spec(fc)) = Z 0 ( A), 

where d L is induced by t = i: Spec (k) —> P 1 , for i = 0, oo. The groups HQ lng (A) are covariant for arbitrary 
morphisms of fc-schemes of finite type. Note that there is a natural surjection induced by the identity map on 
0-cycles: Hq II1S (A') —> CHo(AT). The following is stated in [5, Introduction]. We include a verification of it for the 
convenience of the reader. 

Proposition 2.6. Let X be a proper scheme over k, D an effective Cartier divisor on X and X the complement 
X \ \D\. Then the identity map of Zq(X) induces a natural surjection 

* x , d - CHo(A|D) > HQ ing (X). 

Proof. The two groups have the same set of generators, so it is enough to show that the relations defining the 
Chow group of 0-cycles with modulus are 0 in the Suslin homology group. Let tp ^ : C —» X be a finite morphism 
from a normal curve C with ip^{C) </L D and let / € G(C, tpE(D)). We claim that Tq(/) = 0 in HQ lns (AT). We may 
replace X by C to prove the claim (by the covariance of HQ lng (—)). We regard / as a morphism f: C P 1 . Since 
C is proper over k the map / either constant or surjective. In the former case the claim is obvious, so let us assume 
/ is surjective. Let T/ C C x P 1 be the graph of / and let W = T/ D (C x (P 1 \{1})). Since / = 1 mod (pE(D), 
the irreducible closed set W belongs to Co((C \ D) x (P 1 \ {1})/(P 1 \ {1})) and that we have 

d{W) = (do - doo)(W) = div-c(f) = r-c(f), 

proving the claim. □ 

2.3. Divisibility result for 0-cycles with modulus. Let X be a proper fc-sclieme and let D be an effective 
Cartier divisor on it. As before, let X = X \ \D\. By Proposition 2.6, there is a canonical surjection 

tt t ^: CHo(AjD) * HQ ing (X). 

We define U(A'|D) to be the kernel of 7r^ p, and call it the unipotent part of CHo(A'|D). Since the surjection 7 D 
is compatible with the degree maps, the group U(A|D) fits into the following exact sequence 

0 —> U(A|D) —> CH 0 (A|D)° —a H® ing (A)° —> 0, 
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where CH 0 (A|D)° and Hg lng (X) 0 denote the degree-O-parts of CH 0 (A'|Z?) and Hg lng (A) respectively. Since 
Hq II 1S (X) is the maximal homotopy invariant quotient of the group of 0-cycles Zq(X), the group U(A|D) mea¬ 
sures precisely the failure of homotopy invariance of CHo(X|D). 

Theorem 2.7. Let X be a proper k-scheme and D be an effective Cartier divisor on it. Then we have: 

(1) //char(/c) = 0, then U(A|D) is divisible. 

(2) //char(fc) = p > 0, then U(A|£>) is a p-primary torsion group. 

We start with some auxiliary lemmas. 

Lemma 2.8. Let k be a field of characteristic zero. Let C be a proper normal integral curve over k. Let D be 
an effective Cartier divisor on C and write D le d for the corresponding reduced divisor. Then the quotient group 
G(C,D led )/G(C,D) has a k-vector space structure. In particular, for any integer n > 0, there is an isomorphism 
G(C,D)/n^G(C,D ied )/n. 

Proof. Write D = YI=i n i[Pi\- By the definition of G(C,D), one has the following commutative diagram with 
exact rows 

0 -^ G (C, D) -- 0^ Dted -- 0 (0 U:Pi /m'p .) x -- 0 


0- G(C, D red )->■ °v,D red -- ® k ( p i) X -- 0. 

i= 1 

Therefore by the snake lemma, we get 

(2.3) G(C,D red )/G(C,D) A 0 ^ 0m Pj /m”*, 

, i i nip. 

i—i i—i 

where the second isomorphism is obtained by taking the logarithm. Since the last term in (2.3) is a fc-vector space, 
the group G{C , D led )/G(C, D) has an induced fc-vector space structure. □ 

Lemma 2.9. Let k be a field of positive characteristic p. Let C be an integral scheme of finite type over k and 
D' C D be closed subschemes of C having the same support. Then there is a positive integer m such that for any 
f G G(C,D'), its p m -power f p belongs to G(C,D) (and consequently, the quotient group G(C,D')/G(C,D) is 
annihilated by a power of p). 

Proof. Let / G G(C,D') = C\ x ^d' ~^ G)* D , X ). For each point x G D ', we have 

/G1 + /' C00 

where I' x is the stalk at x of the ideal sheaf /' C O-^j defining D'. By the relation \D\ = \D'\, the defining ideal / of 
D contains some power of I' (say ( I') p C I). Thus we have 

r m ei + lf C1 + 4 

for each x G \D\ C \D'\. Therefore / p ™ belongs to + -4) = G(C,D). This completes the proof. □ 

Lemma 2.10. There is a surjection 

(2.4) 0^: 0 G{C,v*{Dfi ed )/G{C,v*{D))^\l(X\D) 

ip: C^>X 

where : C —> X runs over the set of finite morphisms from normal proper curves C over k such that (Pq(C) <fL D. 

Proof. By definition, the group XJ(X\D) is generated by the cycles of the form d{W) for W G Cq(X x (P 1 \{1})/(P 1 \ 
{1})). Without loss of generality, we may assume that W is irreducible. Let W be its closure in IxP 1 and W be 
its normalization. Note that it is an integral normal curve. Let / be the composite map f: W —>XxPMP and 
let ip: W N — > X x P 1 —x X. From the condition W G C 0 (X x (P 1 \ (1})/(P 1 \ {1})), we find / G G(W N , p*(D) led ). 
We have 

(2.5) 


d{W) = ipffdiv W N(f)). 
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Since W is a proper integral curve, the map ip: W — > X is either constant or finite. In the former case the right 
hand side of the equation (2.5) is zero. In the latter case, the finite map ip and the function / £ G{W ,<p*(D) ie d) 
determine an element in the source of the map (2.4). In any case the equation (2.5) displays d(W ) as an element 
in the image of the map (2.4). □ 

Proof of Theorem 2.7. Given the previous Lemma 2.10, if char(fc) = 0 then the statement is a consequence of 
Lemma 2.8. If char(/c) = p > 0, it is a consequence of Lemma 2.9. □ 

Corollary 2.11. Let X be a proper k-scheme and D be an effective Cartier divisor on it. Write X = X \ \D\. 
Then: 

(1) If char(fc) = 0, then there is a non-canonical decomposition 

CH 0 (X|D) ~ Hj] ing (A) © U(A|D). 

(2) If char(fc) = p > 0, then the canonical surjection n-^ D - CHo(A'|D) —> HQ IIlg (A) is an isomorphism up to 
p-torsions. 

Remark 2.12. Under the much stronger assumption that X is smooth and quasi-afhne, Theorem 2.7 also follows 
from Corollary 3.10 for F = h(X,D). Indeed, in the notations of loc. cit. we have h(X , D)(k) = CHo(A'|.D) and 
XJ(h(X,D))(k) = U(A| D). 

2.4. Discreteness of torsion 0-cycles with modulus. In this section, generalizing some ideas developed in [9] 
for the Chow group of 0-cycles on a singular variety, we prove the useful Theorem 2.13 below, showing a form of 
discreteness or rigidity for the torsion subgroups of the groups CHo with modulus. We will frequently apply this 
property in the next section. 

2.4.1. Let A be a proper variety over an algebraically closed field k of exponential characteristic p > 1. Let D 
be an effective Cartier divisor on X and suppose that the singular locus of X is contained in D, so that the open 
subscheme A = A \ \D\ is a regular (equivalently, smooth) fc-scheme. We denote by cl^ D the canonical projection 
morphism 

ctx\D- A 0 (A)CH 0 (A|D). 

2.4.2. Let C be a smooth curve over k and W = ^" =1 UiWi £ Co(C x A/C) a finite correspondence from C to A 
such that \ W\ C C x A. Let a: be a closed point in C. Since | Wj is flat over C, we know that dim(|!f / | n (x x A)) = 0, 
so that |Wj and x x A are in good position. Let pi,p 2 be the projections from C x A to C and to A respectively. 
Then the 0-cycle 

W(x) :=P 2 ,*{W npi(a;)) 
on A is well-defined and supported outside D. 

Theorem 2.13. Let the notation be as in §§2.4.1 and 2.4.2. Let n be an integer prime to p. Assume that there 
exists a dense open subset C° of C such that for every x £ C°(k) one has 

n-clx/ D ( w (x)) =0. 

Then the function x £ C(k) i-A cl-^ / D {W {x)) is constant. 

Proof. The proof uses the strategy of the proof of [9, Proposition 4.1]. Let C C C be the smooth compactification 
of C. Let Wi be the closure of Wi in C x A and wf be its normalization, which is a smooth projective curve. Let 
Ui : W j — > X be the composite W\ ->Cx A A (which is either a constant map into A or is a finite map). 
By [7, Proposition 2.10] we have a proper push-forward map iq,*: CHo(VP i | u*(D)) —>• CHo(A|D). Let (ji be the 
composite —> C x A -^4 C. Set an effective Cartier divisor T>q W := on C- By [7, Proposition 

2.12], there is a flat pull-back map <j>* : CH 0 (C|D^ w ) C\L.q{W^ \u*D). 

We define a homomorphism: 

n 

Ti-w = ° u i.* : CHo(C|D^ w ) -»■ CHo(A|D). 

i= 1 

An easy computation shows that we have for every x G C(k) 

( 2 . 6 ) dx /D {W{x)) = TA w {clc /D _ w {x)). 
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Let CHo(C|D^ w )° denote the degree-O-part of the Chow group CH 0 (C'|D^ w ). It is generated by differences of 
classes of closed points in C° by a moving argument on the curve C using the Riemann-Roch theorem, and there¬ 
fore T rw maps CHo(C|-D^; w )° into CH 0 (A|.D)[n]. Note now that since C is a curve, we have CH 0 (C'|D^; w )° = 
Jac(C|D^ w ){k)° where the right hand side is the neutral component of the Rosenlicht-Serre generalized Jaco¬ 
bian. Since n is prime to cliar(fc), CHo(C|D^; w )° is n-divisible by [13, Chapter V], and therefore the image of 
CH 0 (C'|Up w )° in CH 0 (A|.D) is 0. Hence by (2.6), for every pair of closed points Xi,x 2 in C(k), we have 

c ^x:/d(W( x i)) — cl-^j D (W{x 2 )) = Ti-\v(d-Q/ D _ w (x i)) — ^(x 2 )) 

= Tr w (dc /D _ w (xi) - dc /D _ w (x 2 )) = 0 , 

proving the statement. □ 

Remark 2.14. (1) Let notation be as in §§2.4.1 and 2.4.2. The function cl^/ D (W (—)) can be regarded as function 
d~x/ d^W(~))k'■ C(K) — > CHo(A'x|Dif) for any field extension K/k. If the function dj^^ D (W (—))k maps C°(K) 
to CHo(A/s'|Z5if)[n] for an algebraically closed field K , then the map is constant. 

(2) The statement of Theorem 2.13 is true for a local setting in the following sense. Let k be an algebraically 
closed field and let X, D be as above. Let S' be a semi-local scheme of a normal curve over k at closed points and 
let I\ be the fraction field of S. Let W £ Cq{X x S/S) be a relative finite correspondence. The divisor W defines 
as above a function S(K) —>• CHo(Xx|-Dr:)- If the image is contained in the n-torsion subgroup, then the function 
is constant. 

Corollary 2.15. Let the notations be as in §2.4.1 and let K be an extension field of k. Then the natural map 

CH 0 (X\D) —► CU 0 (Xk\D k ) 

is injective and induces an isomorphism 

CH 0 (X| D){p'} ~ CH 0 (Xk| D k ){ p '} 7 

where M{p'} denotes the prime-to-p-torsion subgroup of an abelian group M. 

Proof. Suppose z £ CHo(Aj£)) is annihilated in CHo(Aif \Dk )■ Then, by a limit argument, the relation annihi¬ 
lating zk is defined over Xa, where A is a finitely generated fc-subalgebra of K: i.e. there is a flat family C C Xa 
of curves in X parametrized by Spec(A) and a rational function / £ G(C,Da ) with div(/) = za■ By specializing 
to a fc-rational point of Spec(A), we get a relation annihilating z; hence z £ CHo(A|D) is zero. 

Having shown the injectivity, to show the surjectivity on prime-to-p-parts we may assume that K is algebraically 
closed. Suppose we are given an element Zk £ GHq(Xk\Dk) annihilated by an integer n prime to the exponential 
characteristic. The same limit argument shows that there exist: 

(1) a finitely generated smooth fc-subalgebra A of I\; 

(2) a cycle za on Xa which is flat over Spec(A) and induces Zk by the scalar extension A —> 7\; 

(3) a relation annihilating n ■ za- 

By specializing to an arbitrary fc-rational point x: Spec(fc) —>• Spec(A), we get a cycle z on X which is annihilated 
by n in CHo(A|U). We show now that z maps to Zk by scalar extension k —> K. 

Consider the iv-scheme Spec(A(g>fc K). There are two distinguished if-rational points on it: one is p: Spec(if) —»• 
Spec(A <8>fc K ) which corresponds to the inclusion A —> K and the other is x Xk K: Spec(if) — > Spec(A K ). By 
Bertini’s theorem, there is a smooth curve C of Spec(A Cg)*, K ) passing thorough 77 and x <S>k K. Restriction of the 
fiat family of cycles za over Spec(A) by C —> Spec(A) gives a cycle zc on X x*, C = Xk Xk C, which is a family 
of ?z-torsion 0-cycles on Xk parametrized by C. Then since K is algebraically closed, we can apply Theorem 2.13 
to conclude that z K = zc(x X& K) and zk = zc(il) are equal in CKq(Xk\Dk)- □ 

2.5. Torsion cycles with modulus and cycles on curves. 

2.5.1. Suppose that X is a projective variety over an algebraically closed field k of characteristic p > 0, regular 
in codimension one. Let D be an effective Cartier divisor on X such that the open complement X = X \ \D\ is 
smooth. 

Denote by T^, D the subgroup of CH 0 (A'|D)° generated by elements b for which there exists a smooth proper 
curve C with a finite morphism <p: C —> X satisfying p{C) <£. D, and an element a £ CH 0 (Cj<p*D) tors such that 
b = tp*a. 

The main technical result of this section is Theorem 2.16. The proof is strongly inspired by [ 8 , Proposition 3.4]. 
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Theorem 2.16. In the notation in § 2.5.1, we have an equality T x\d{v'} = CH 0 (X| D){p'}. 

We will actually be able to deduce from it the following more refined result that represents the heart of the proof 
of Theorem 1.2 (see Corollary 2.26 below). 

Proposition 2.17. For any given element of CHo(A'|£)){p / }, there is a smooth proper curve C over k with a finite 
morphism <p: C —> X, such that the given element comes from GYio(C\(p* D){p'}. 

Example 2.18. In characteristic 0, we can show that CHo(X|£)) t0 rs — HQ lng (X)tors in the case X = C i x C 2 for 
Ci two smooth projective curves over k and D = C\ x m for m = Xa=i n A x i] an effective divisor on C 2 . The proof, 
that we omit, uses Proposition 2.17 together with Rojtman’s torsion theorem for an open subvariety of a smooth 
projective variety (as in the formulation of [14]). 

The proofs of Theorem 2.16 and Proposition 2.17 require some technical works. Their eventual proofs are 
completed at the end of this section. 

2.5.2. If dimX = 1, then Theorem 2.16 is trivially true. So we may assume dirnX > 2. The following lemma 
reduces the general case to the case of surfaces. 

Lemma 2.19. Suppose that the following equality holds for all ( X,D) as above whenever dimX = 2: 

%,/>'} = CHo (X\D){p'}. 

Then the equality holds for all (X,D). 

Proof. Let 2 be a 0-cycle whose class in CH 0 (X|D) t ors is nonzero and n-torsion with n prime to p. Then there are 
normal, proper, integral curves C'i,..., C s with finite morphisms ipi : Ci X and fi £ G(Ci , ip*(D)) such that 

S 

nz = y^,*(div(/i)). 

i-1 

One may assume that ipi maps Ci birationally to its image. By blowing up with point centers lying on X, one can 
construct a projective birational morphism n: Y —> X such that 

(1) 7r _1 (X) is smooth and 7 r -1 is an isomorphism in a neighborhood of D ; 

(2) the maps ipi : Ci —> X factor through an inclusion cj>i : Ci —> Y ; 

(3) there is a 0-cycle 5 on Y, smooth projective rational curves Lj for j = s + 1, • • • , r lying in the exceptional 
locus, and rational functions gj on Lj such that we have relations: 

s r 

n *{z) = z, nz = ^0i,»(div(/ l )) + ^ ^ > (div(g i )), 

i—1 j=s +1 

where (f>j : Lj —>■ T is the inclusion. 

Furthermore, after further blow-ups, we may assume that the union 

s r 

C={jC l U (J Lj 

i =1 j=s +1 

has at most two components passing through any point of C. In particular, C has embedding dimension two, which 
implies that there is a general surface section S of Y containing C which is regular in S n 7r _1 (X) [6, Theorems 
(1), (7)]. Then the assumption applied to (the normalization of) S implies that z £ T-g^ E . Composing with 7 r, we 
get that ^ £ Tx\ D - □ 

2.5.3. From now until the end of the proof of Theorem 2.16, we will assume that dirnX = 2. Let n be a positive 
integer prime to p. Let z be a 0-cycle on X of degree zero. Let C be a proper smooth curve in X containing \z\. 
Then, as CHo(C|^*Z?)° is rc-divisible, there is a 0-cycle y on C with ny = z in CHo(C'|^*Z?)°. 

Definition 2.20. Let n, C be as above. We define an element nffi(z) £ CHo(X|Z?)°/T-y| £) to be the class 
represented by y. 

This does not depend on the choice of y and it satisfies n^(nz) = n ■ n^(z) = z in CH 0 {X\D)° The 
next proposition shows that it also does not depend on the choice of the curve C. 
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Proposition 2.21. Let z be a 0-cycle on X of degree zero and C , C be two curves satisfying the above conditions 
with respect to z. Then we have an equality ri^ 1 (z) = n^}(z) in CHo(-Y|D) 0 /T^| i;) . 

Proof. Fix a closed point Xq G X, Xq ^ \z\. Let P = {C x = H x ■ X \ x € P 1 } be a pencil of hypersurface sections 
of X satisfying the following conditions 

(1) The generic member Ct of P is smooth and irreducible, and misses the singular locus of D le <j. 

(2) The base locus of P contains |z| U {cco} and misses D. 

(3) The equality of Cartier divisors C o = C + E and Coo = C +E' holds on X, where E and E' are smooth and 
irreducible, intersect D at least in one point each, but miss the singular locus of -D re d- Moreover they are 
disjoint from the base locus of P. In addition, Cq and C^ have only ordinary double points as singularities. 

(The condition that E and E' meet D is automatic if the hypersurfaces have sufficiently high degree.) 

By blowing up along the base locus of P we get a morphism np: Xp —> P 1 . We denote by u the blowing down 
map u: Xp —> X. Set Xp = u~ 1 (X) and Dp = u*D. Write z = Y^i n iPi an d set Z = 'f2niU~ 1 (pi) which is a 
divisor on Xp and satisfying C x ■ Z = z on C x for every member C x of the pencil P. 

Let S be the spectrum of the local ring of P 1 at 0, and denote by s its closed point, by g its generic point and by 
fj a geometric generic point. We denote by Xs —> S the base-change of irp to S: it is a semistable projective curve 
over S. By construction, the special fiber (Xs) s coincides with Co = C + E, while the generic fiber C v := ( Xs)n 
represents the generic member of the pencil. 

The choice of the extra point xq outside D determines a section So : P 1 —> Xp of 7 Tp. We let so denote the closed 
subscheme of Xp given by it as well. 

Consider the preslieaf of abelian groups Pic^-^p^ on ^ ie ca t e g° r y °f separated schemes of finite type over 
S given by T i-> {pairs (£,a)} where £ is a line bundle on Xs X-sT which has degree zero along every fiber over 
T and a is an isomorphism £|(d s uso)x s t — O(D s us 0 )x s t- It is representable by a scheme locally of finite type 
over S (cf. Lemma 2.22 below). The divisor Z C Xp determines a section Z: S —>■ Pic°Y s |p, sUso j/ s - Take a point 
£ s (resp. frf) on the closed fiber Jac(C'o|(H U So) • Co) (resp. on the geometric generic fiber Jac(C^|(D U So) ■ Cjff) 
of Pi c (‘Y s |p) s uso)/S such that nf s = Z s (resp. nfjf = ) and that is a specialization of Here we used the 

n-divisibility of Jac(Co|(.D U So) • Co) and Jac(C^-|(C U s 0 ) • Cjj). Then there is a spectrum S' of a DVR dominating 
S and a morphism 

V ■ q 1 _pi r °_ 

7 ^ 1C (X s \D s Us 0 )/S 

such that 7 '(s') = £ s and 7 '(rf) = ffj- Here s' and rf are the closed point and the geometric generic point of 
S'. There is a Cartier divisor Ff on I 5 xjS' finite flat over S' representing 7 '. It naturally gives an element in 
Co{Xs>/S'). Then we have n ■ cl(W(s')) = u*(Z s ) in CH 0 (XV \Dp) and n ■ cl(W(rf)) = u*{Zjf) in CH 0 (Xjy| D^). 

Then the image of the map </> = d(W(—)) — d(W(s')) : S'(k(rj')) —> CHo(X^'|D^/) lies in the n-torsion subgroup 
of the target, since u*{Z s ) = u*(Zjf) in CHo(X^|D^-). By the discreteness Theorem 2.13 (in the formulation of 
Remark 2.14(2)) and by </>(s') = 0, the map <j> is identically zero. Therefore we have 

0 = d(W(rf)) - cl(W(s')) = n^Jz) - n=}{z). 

Hence nGx(z) = nZ. 1 ( 2 ). Similarly nZ. l (z) = nG.y(z). This completes the proof of Proposition 2.21. □ 

In the above proof, we used the following lemma. We let S be the spectrum of a discrete valuation ring and 
denote by s the closed point of S and by 77 the generic point of S. 

Lemma 2.22. Let n: X —»• S be a semistable projective curve over S, i.e. ir is a projective and flat morphism 
of relative dimension 1 whose geometric fibers are reduced, connected curves having only ordinary singularities. 
Assume 7 r is smooth over g and admits a section sq. Let D be an effective Cartier divisor on X which is flat over 
S. Then the relative Picard functor Pic® x \ DUso y S is representable by a scheme (locally) of finite type over S. 

Proof. The presheaf Pic° Y | So )/s °f li ne bundles of degree 0 with a fixed trivialization along so is isomorphic to 
P° in [11, §§(1.2) and (3.2)d, cf. §(1.3)]. Thanks to the semi-stability assumption, the conditions [11, (N)*(6.1.4)] 
and [11, Theorem 8.2.1 (i)] are satisfied in our situation. Therefore by [op. cit., implication (i)=>(vi)], the presheaf 
Pie(x|so)/S is representable by a scheme (locally) of finite type over S. Forgetting the extra trivialization along D 
gives a canonical morphism of sheaves 


(f: Pic°Y|DUs 0 )/5 Pic (-Y| So )/S- 
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Let G be the affine group scheme over S given by TVD,*G mi D- Then it is easy to show that <j> makes PiC(x|Dus 0 )/S a G- 
torsor over Picp sr i So y S . Hence, by the relative representability theorem [3, Lemma 3.6], the presheaf PiC(x|uus 0 )/s 
is representable by a scheme locally of finite type over S. □ 

Let Zq(X)° denote the group of 0-cycles on X of degree zero. By Proposition 2.21 we have a well-defined 
homomorphism 

"x : Z 0 {X)° CH 0 (A|D)°/% |fl 

satisfying (nz) = n ■ nf}(z) = z. In order to complete the proof of Theorem 2.16, we need two more lemmas. 
Lemma 2.23. Let u : X —> X be a blow-up at a point p in X. Then the following diagram commutes: 

Zo(X')° CH 0 (x'|D) 0 /r X|D 

u * u* 

n -l _ 

Z 0 (Xr^+CK 0 (X\D)°/Tx lD 

Proof. Write an element z' £ Zo(X')° as z' = z[ + z 2 where z[ is supported on the exceptional divisor E of u and 
z' 2 is supported on X' \ E. Set d = deg z[. Choose q £ E and write 

z' = (z[ — d ■ q) + (d ■ q + z' 2 ) 

as sum of 0-cycles of degree zero. The first term vanishes when we apply u* and when we apply u* on"], so we may 
assume z' is of the form z' = d ■ q + z 2 . Take a proper smooth curve in X which contains |w*z , | and passes through 
p having the right tangent direction so that the strict transform C' C X' (which is isomorphic to C ) contains q. 
We have a tautological identity 

u*{nf}(z')) = nff(u*z'). 

The left hand side is equal to u i ,{nf^,{z')), and the right hand side to nf^^u^z'). □ 

Lemma 2.24. The map nff factors through CHo(X|I?) 0 /T^| I) . 

Proof. It suffices to show the following: let ip: C —> X be a morphism from a proper smooth curve such that tp is 
a birational map to its image and such that (p(C) <£. D, and let z be a 0-cycle on C which represents a torsion class 
in CHo(C'|<p*-D)°. Then riff {j*z) = 0. To achieve this, blow up X at the singular points of q>(C) several times so 
that the strict transform of tp(C) is non-singular, therefore isomorphic to C. If we take a 0-cycle y on C such that 
ny = z in CH 0 (C , |v3*H) 0 , by Lemma 2.23 applied to z £ Zq{X')° we have 

nf^{<p*z) = in CR 0 (X\D)°/T^ D . 

Since y is a torsion class on C, the right hand side is zero. This completes the proof. □ 

Proof of Theorem 2.16. By Lemma 2.24, we have a map 

n~x ■■ CH 0 (X\D)°/Tx\ d CH 0 (X| D)°/T^ D 

such that for every z £ CHo(A'|H)° /T^ D we have nff(nz) = n ■ nf c 1 (z) = z. If z £ CHo(A'|Z?)° is annihilated by 
an integer n prime to p, then we have z = nfr (riz) = 0 in CHo(A|D)°/T^| I) . This completes the proof of Theorem 
2.16. □ 

Lemma 2.25. Let C be a smooth proper curve and y>: C X be a morphism with C —> p{C) birational. Suppose 
we are given a pencil P = {C x = H x ■ X \ x £ P 1 } satisfying: 

(1) C i = <p(C ) + E, where E is a smooth proper irreducible curve missing p(C) D \D\ such that E intersects 
(p{C) transversally. 

(2) The axis misses D and intersects X transversally. 

Then we have: 

^(CR 0 (C\p*D){p'}) c ^(CR 0 (C^\D -C^ip'}) in CH 0 (A ¥ | D^) tms , 
where Cjj is the geometric generic member of the pencil. 
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Moreover, the map 

■ CH 0 (Cy D ■ Crj){p'} -> CHo(Xrf\Drf){p'} Cor = 2 - 15 CHo (X\D){p'} 

is Ga\(jj/p)-equivariant. 

Proof. By blowing along the base locus of P we get a morphism irp : Xp —> P 1 . Since the base locus misses D, we 
can view D = Dp as a Cartier divisor on Xp. If we choose a point xq in the base locus, we get a section so: P 1 — > Xp. 
Denote by S the local scheme of P 1 at 1. Let Xs and Ds be the base change to S of Xp and Dp respectively. 
The Cartier divisor Ds on Xs is finite and flat over S and we can use Lemma 2.22 to show that Pic ^, Uso yg is 
representable. Take any y £ 3ac{C\ip* D){p'} and a lifting y' of ( y , 0) £ 3ac{C\p* D) © Jac(£’|D • E ) in the surjection 
Jac(Ci|(ZI • C i) U xo)^} -» 3ac(C\p*D){p'} © Jac(E\D ■ E){p'}. 

Then the image of y in CH 0 (X|.D) is equal to the image of y' by the composite map 

Jac(C'i|(D • Ci) U x 0 ){p'} -» 3ac(C\ip* D){p'} © 3ac{E\D ■ E){p’} CH 0 (X|D). 

Suppose that the lift y' is annihilated by an integer n prime to p. Then there is an irreducible component B 
of Pic((Xs|D U so)/S')[n] containing y ', since this group scheme is etale over S. Note that B is regular and 1- 
dimensional. There is a horizontal Cartier divisor W on Xs Xs B which represents the section B -A Pic((Xs|D U 
Sq)/S). Then by the rigidity (Remark 2.14) of 

cl(W (—)): B(k(rj)) ]J Jac(C 6 | D-C b )[n\ —► CH 0 (X|D)[n] 

beB(km 

we find that y' is in the image of Jac(C^-| D ■ C^)[n]. 

For the second assertion, we first take any n prime to p and 2 £ 3ac(C^\D • C^U Xo)(rj)[n]. Let B be the closure 
in Pi c (Xp|Duso)/'s[ n ] i ma S e i n Jac(C ?7 | D ■ C v U xo)[n]. If we let a £ Gal (fj/rj) act on z, the resulting element 

z a : Spec (k(rj)) —¥ Spec(k(rj)) A B 

lands on the same point of B. On the other hand, by the discreteness Theorem 2.13, B(rJ) —> CHo(X|D)[n] is a 
constant map. Therefore z and z a maps to the same element of CH 0 (X|£))[n]. This shows that the map 

3ac(Crf\D ■ CrfUx 0 )(rj){p'} CH 0 (X|D) 
is Gal(? 7 /? 7 )-equivariant. It follows that so is the map 

3ac(Crf\D ■ Crf)(f}){p'} -»■ CH 0 (X|D). 

This complets the proof of Lemma 2.25. □ 


Proof of Proposition 2.17. Take any two elements y\,yi £ CHo(X|D){p'}, which comes from torsion parts of 
CHo of smooth proper curves C*' \c^ ^ respectively. We show that there is a smooth proper curve mapping 

(3) (^) 

to X and an element in CHo(o |D ■ C ){//} which maps to tji + ij 2 ■ We may assume for i = 1,2, that C y -A X 
_(,) 

maps C birationally to the image. Take a pencil such that 


(1) Co = <p^(C^) + E^ , where E W is a smooth proper irreducible curve missing (C^) C |D| such that 
E ^ intersects ip( 1 \C ( ) transversally. 

_ _^2) _( 2 ) 

(2) Ci = (p( 2 \C ~ ) + i?G), where E ^ is a smooth proper irreducible curve missing tp( 2 \C ) C \D\ such that 

E( 2 ) intersects ip( 2 \C y ) transversally. 

(3) The axis misses D and intersects X transversally. 

Then we can apply Lemma 2.25 to deduce that the image of Jac(Cjjj D ■ Crj){p'} contains the images of 
3 ac (C^ \ip^* D){p'} and Sa^C^ D){p'}. Specializing to a generic member of the pencil, we find that the 

given elements j/ 1 , 1/2 come from C := C x for some x £ P 1 (fc). Repeating this argument finitely many times, we 
find that any element of T comes from an appropriate smooth proper curve C over k. □ 


Corollary 2.26 (see Theorem 1.2). Let k be an algebraically closed field of exponential characteristic p > 1. Let 
X be a projective variety over k, regular in codimension one. Let D be an effective Cartier divisor on X such that 
the open complement X = X \ \D\ is smooth over k. Let a £ CHo(X|D) be a prime-to-p-torsion cycle. Then there 
exist a smooth projective curve C with a morphism tp: C —> X such that p*D is a well defined Cartier divisor on 
C and a prime-to-p-torsion 0-cycle fj £ CHo(C|(</?*.D) re( l){p , } such that p*({3) = a in CH 0 (X|D). 
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Proof. By Proposition 2.17, it is enough to show that for a proper smooth curve C and an effective divisor D on 
C, we have the following isomorphism 

■nc, D {P'}- CH 0 (C|D){p'} CH 0 (C|D red ){p'} = H® ing (C){f/}. 

The second equality is true because C is a curve. The first map is an isomorphism because its kernel XJ(C\D) = 
G(G, -D r ed)/G(C, £>) is uniquely n-divisible for any n prime to p by Lemma 2.8 and Lemma 2.9. □ 

Remark 2.27. For a more definitive result regarding the torsion of CHo(A|Zl) in characteristic zero, using a 
completely different method, see [1, Theorem 7.8 and Theorem 8.8]. 

3. Reciprocity presheaves and sheaves 

3.1. Recall of definitions and fundamental results. We denote by Sch /k the category of separated schemes 
of finite type over k and by Sm/fc the subcategory of smooth schemes over k. Let Cor /k be the category of 
finite correspondences over k: it has the same class of objects of Sm/Jc, and the set of morphisms from A to Y is 
Hom Cor / fe (A', Y) = Cor(A”, Y) := Co (A xY/X). A presheaf with transfers is a presheaf of abelian groups on Cor /k 
(see [10, Lecture 2] for their basic properties). We write PST for the abelian category of presheaves with transfers. 
The following definitions are taken from [4, §2]. 

Definition 3.1. A pair (A,T) of schemes is called a modulus pair if 

i) X £ Sch jk is integral and proper over fc; 

ii) Y C X is a closed subscheme such that X = X \ Y is quasi-affine (i.e. quasi-compact and isomorphic to 
an open subscheme of an affine scheme) and smooth over k. 

Let (X, Y) be a modulus pair and write X = X \ Y for the quasi-affine open complement. For S £ Sm/fc, we 
denote by y)(^) the class of morphisms ip: C —> A' x S fitting in the following commutative diagram 


C 



S -A x S -A, 


where C £ Sch /k is an integral normal scheme and ip is a finite morphism such that, for some generic point r) of S, 
dim C x s p = 1 and the image of is not contained in Y. 

Let G(C, 7 *F) as in §2.1.1. Then the divisor map on C induces 

div^:G(C, 7 ;r)^Co(C/S), 

where C = C\ 7 *Y. 

Definition 3.2. Let F £ PST be a presheaf with transfers, (A, Y) a modulus pair with X = X\Y. Let a £ F( A). 
We say that Y is a modulus for a if for every ip : G — > X x S £ Y )(&) an d every / £ G(C, 7 *y), we have 

(<£*diVc (/))*(«) = 0 

in F(S). Here </?*: Cq(C/S) —> Cq(X x S/S) = Cor(S l , A) denotes the push-forward of correspondences. 

Definition 3.3. Let F £ PST be a presheaf with transfers. We say F has reciprocity (or that F is a reciprocity 
presheaf) if, for any quasi-affine X £ Sm/fc, any a £ F( A), and any open immersion A A with A integral 
proper over k, a has modulus Y for some closed subscheme Y C A' such that A = X \ Y. Following the notation in 
[4] , we use REC to denote the full subcategory of the category of presheaves with transfers consisting of reciprocity 
presheaves. Note that REC is an abelian category. 

Remark 3.4. Let (A', Y) be a modulus pair. Denote the category of abelian groups by Ab. By [4, Theorem 2.1.5], 
the functor 

PST —> Ab, F 1 —>- {a £ F(X)\a has modulus Y} 
is representable by a presheaf with transfers, denoted by h(X,Y). It is explicitly constructed by 

S ha coker ( 0 G(G, % f Y) G 0 (A x S/S) j . 

\V£ c (X,y)(S) ) 

If Y happens to be an effective Cartier divisor on A, then h(X,Y) £ REC. 
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3.2. Homotopy invariance and torsion reciprocity sheaves. 


Theorem 3.5. Let F be a reciprocity presheaf with transfers which is separated for the Zariski topology. Then F 
is homotopy invariant in the following cases: 

(1) char(fc) = 0 and F is torsion; 

(2) char(fc) = p > 0 and F is p-torsion free. 

Proof. We first prove (1). By [4, Theorem 3.1.1(2)], it suffices to show that any element a G F(X) has reduced 
modulus. Since F is separated for the Zariski topology, we can use the criterion given by [4, Remark 4.1.2] (which 
depends on Injectivity Theorem [4, Theorem 6]). Namely, let K = k(S) be the function field of a connected 
S € Sm/fc and C be a normal integral proper curve over K. Let tp: C X Xi- K be a finite morphism such that 
<p(C) Y Xfc K. Put C = i£> -1 (X Xfc K ) and let if: C — > X be the induced map. Let D = <^ _1 (T Xfc K). Then the 
element a has reduced modulus if, for all p: C —> X x *. K as above, the map 

(<Miv(—))»: G(G,D red ) F(K) 

is zero. 

Since F is torsion, there is an integer n > 0 such that na = 0. Thus the above map factors through G(G, D red )/n. 
Since F is a reciprocity presheaf with transfers, it has in particular weak reciprocity in the sense of [4, Definition 
5.1.6]. By definition, there exists then an effective divisor E on C which is a weak modulus for ip*(a), with 
| E\ = \D\. By Lemma 2.8, we have G(C,E)/n ~ G(C,D ied )/n, so that the map (i/>* div(—))*(a): G(C,D led ) —> 
G(C,Dj. ed )/n ~ G(C,E)/n —> F(K ) is zero. This proves (1). 

We now prove the case (2). Again, it suffices to show that any element a G F(X) has reduced modulus. We use 
the following variant of [4, Remark 4.1.2] deduced from [4, Theorem 6 ]: the element a has reduced modulus if for 
any morphism ip: C —> X as above and for any / G G(C,D red ), the element ((p* div(/))*(a) G F(K) is zero. 

Now, since F is a reciprocity preslieaf, the section a has a modulus Y C X supported on X\X. By Lemma 2.9, for 
a large n > 0, we have / pT * G G(G, p*(Y XkK)). Since Y is a modulus for a, we have (v?*div(/ p "))*(a) = 0 in F(S), 
that is, 

p”(V5*divp(/))*(a) = 0 in F(S). 

But by assumption F(S) is ap-torsion free abelian group, so that (<p*div<j-(/))*(a) = 0. This completes the proof. □ 

3.3. Unipotency and divisibility. Recall that, by Chevalley’s Theorem, every algebraic group G over a perfect 
field k can be written as an extention of a semi-abelian variety A by a unipotent group U 

(3.1) 0 —>■ t/ ->■ G —>■ A —>• 0, 

where (3.1) is exact when U , G and A are considered as sheaves for the etale (or the Zariski) topology. Note that 
every commutative algebraic group over k defines a preslieaf with transfers, cf. [14, Proof of Lemma 3.2]. 

For the rest of the section, by a sheaf we will mean a Zariski sheaf on Sm /k. If F is a sheaf with transfers, we 
denote by Hj(F) the i-th homology sheaf of the Suslin complex G*(A) of F. This is defined as follows (see [10, 
Definition 1.4]): using the cosimplicial scheme with A* = Spec(fc[xo,..., Xi]/(xo + • • • + Xi — 1)), the i -th 

term Ci{F) of the Suslin complex is given by Ci(F) = F(— x A*). The differentials are given by alternating sums 
of the face maps. It is known that Hi(A) are homotopy invariant for every i > 0 [10, Corollary 2.19]. 

Proposition 3.6. For every unipotent group U, we have Hq(/7) = 0. 


Proof. We have to show that for every smooth fc-sclieme X , the map of abelian groups 

-i{ : U(X xA')-> U{X) 

is surjective. Note that U is isomorphic to an affine space A" as a scheme. Fix an isomorphism U ~ A" mapping 
0 G 17 to the origin. Translating the “multiplication by t G A 1 ” map by this isomorphism, we have a morphism of 
schemes p: U x A 1 -> 7, which coincides with idy on U x { 1 } and with the constant map to 0 on U x {0}. Now 
given an / G U(X), we define a section / G U{X x A 1 ) by the composition 

X x A 1 > U x A 1 A U 


Then we clearly have ?’o(/) = 0 and i*(f) = /, so the section —/ G U(X x A 1 ) does the job. 


□ 


Corollary 3.7. Let G be an algebraic group, which is an extention of a semi-abelian variety A by a unipotent group 
U as in (3.1). Then we have H 0 (G) = A. In particular, an algebraic group G over a perfect field is unipotent if and 
only if one has H 0 (G) = 0. 
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This corollary motivates the following definition. 

Definition 3.8. (1) A reciprocity Zariski sheaf F is said to be unipotent if it satisfies Ho(F) = 0. 

(2) For a reciprocity sheaf F, we define a reciprocity sheaf U(F) (the unipotent part of F) to be the kernel of the 
canonical surjection F —> H 0 (F) 

U(F) = Ker(F -A H 0 (F)). 

(note that the definitions themselves make sense for any abelian Zariski sheaf). 

Remark 3.9. (1) An algebraic group over a perfect field k is unipotent as a reciprocity sheaf if and only if it 

is unipotent in the classical sense. 

(2) The unipotent part of a sheaf F is unipotent in the sense of Definition 3.8; this follows from the long exact 
sequence of Suslin homology arising from the short exact sequence 0 — > U (F) —> F —> Ho(F) — > 0: 

0 = H 1 (H 0 (F)) H 0 (U(F)) -a H 0 (F) H 0 (H 0 (F)). 

(3) The reciprocity sheaf Ll l _ ([4, Appendix]) is unipotent. When k is perfect, so is In fact, every 

0-module F on Sm/fc satisfies the condition Ho(P) = 0 even before Zariski-sheafification. 

The following Corollaries are direct consequences of Theorem 3.5. Recall that an abelian sheaf F is said to be 
divisible if the multiplication-by-n map F F is surjective as a map of sheaves for any positive integer n. 

Corollary 3.10. Let F be a reciprocity sheaf. 

(1) Suppose char(fc) = 0. Then the unipotent part U(F') is divisible. 

(2) Suppose char(fc) =p > 0. Then the unipotent part U(P) is of p-primary torsion. 

Proof. We first show (1). Let G = U (F). Consider the cokernel G/n of the map G A G, By Theorem 3.5, G/n 
is homotopy invariant. Thus we have a surjection H 0 (G) —> H 0 (G/n) = G/n, and hence G/n = 0 by H 0 (G) = 0. 

We now show (2). Let U(F){p} be the subsheaf of U (F) of p-primary torsion and let G be the quotient of U (F) 
by U(P){p}. Then we have a short exact sequence 

0 —> U(P){p} —>■ U (F) — >G —> 0. 

By Theorem 3.5 (2), G is homotopy invariant. The argument given above applies to show that G = 0, completing 
the proof. □ 

Corollary 3.11. Let F be a reciprocity sheaf. 

(1) //char(fc) = 0, then Hi(F) is torsion free and H,;(F) is uniquely divisible for any i > 2; 

(2) //char(fc) = p > 0, then H i(F) is of p-primary torsion for any i > 1. 

Proof. Consider the exact sequence 0 —> U (F) —>■ F — > H 0 (F) —► 0. Taking homology H* gives a long exact 
sequence 

-► H i+1 (H 0 (F)) H,(U (F)) Hi(F) Hi(Ho(F)) 

Since H 0 (l ? ) is homotopy invariant, Hj(H 0 (P)) = 0 for i > 1 and thus we have Hj(U(F)) = H^P) for i > 1. We 
may therefore assume that F = U(F). In this case, assertion (2) is clear, since all sections of U(F) are of p-primary 
torsion by Corollary 3.10(2). It remains to show the assertion (1) when F = U(F). Let n > 1. By Corollary 
3.10 (1), we have an exact sequence 

(3.2) 0 —> F[n] —*■ F -^4 F —>• 0. 

By Theorem 3.5, F[n] is homotopy invariant, and hence H^Pfn]) = 0 for i > 1. Taking homology on (3.2) gives 
then a short exact sequence 0 —► Hi(F) Hi(F) —> F[n\ —> 0, proving that Hi(F) is torsion free and that 
Hi(P) is uniquely divisible for i >2. □ 

Remark 3.12. We call a sheaf F uniquely divisible if F A- F is an isomorphism of sheaves for every n > 0 
(equivalently, the sections of F are uniquely divisible abelian groups). For a given reciprocity sheaf F over a field 
of characteristic 0, there are equivalent conditions (see Corollaries 3.10-3.11): (1) U (F) is torsion free; (1)' U (F) 
is uniquely divisible; (2) F tors ~ Ho(A’)tors by the canonical map; (3) Hi(F) is divisible; (3)' Hi(F) is uniquely 
divisible. 

Note that the class of such presheaves with transfers is closed under extension. 

Remark 3.13. An example of a unipotent reciprocity sheaf over a field of characteristic zero which is not uniquely 
divisible is provided by G a /Z, the quotient of G a by the constant sub-presheaf with transfers Z. Its torsion part is 
the constant sheaf with transfers Q/Z. In this case one has H 1 (G a /Z) = Z. 
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For unique divisibility, we have the following 

Proposition 3.14. Suppose k is an algebraically closed field of characteristic zero. Let U be a unipotent reciprocity 
sheaf which is an etale sheaf. Then the quotient presheaf (which is a Zariski sheaf) U/U(k) is uniquely divisible. 
Here we view U(k ) as a constant subsheaf of U. 

Consequently, over k, the sheaf U is uniquely divisible if and only if the abelian group U ( k ) is torsion free. 
Proof. For all local smooth scheme X, we have a commutative diagram of exact sequences 

0 U(X) tors -- U{X) - U(X)/U(X) tors -t 0 

p 

0 -A U(k) tors - U(k ) ->■ U(h)/U(h) tors ~ t 0. 

By Suslin’s rigidity [10, Theorem 7.20] which is applicable by Theorem 3.5(1), the map p is an isomorphism. Now 
by Corollary 3.10(1), the groups t/(V)/tors and U(k)/ tors are uniquely divisible. Then by the snake lemma we see 
that U(X)/U(k) is uniquely divisible. 

□ 
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